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The system of coupled Boltzmann transport equations for electrons, phonons and impurities
in metals is set up and solved with special interest for the effect of the cross-coupling terms.
General expressions for the effective charge in electromigration and heat of transport in thermo-
migration are given. The cross-coupling terms in the transport equations lead to a number of
corrections in the thermoelectric transport coefficients. Noteworthy is the result that the resis-
tance by impurities depends now on the temperature. The investigation is restricted to high
temperatures, isotropic dependence of the energies of electrons and phonons on wave number
vector, and to normal scattering processes of phonons.

1. Introduction

Electro- and thermotransport of impurity atoms
in metals is mainly caused by impact of electrons
[1, 2] and of phonons [3]. To treat the problem in
a general way, we consider the system as a gas
mixture of impurity atoms, electrons and phonons
[3]. The transport problem is formulated within the
framework of conventional Boltzmann theory. If
f(k, ), g(q, r) and s(p, r) are respectively the dis-
tribution functions for electrons, phonons and im-
purity atoms the transport equations are given by

of (k, r, t) o

ot FiELp O |coLL
= Fee(f, f) + Fer(f, g) + Fei(f, s), (1.1)
%(q, T 1) .

ot FIELD O |coLL
= Fre(g, f) + Frr(g,9) + Fri(g, ), (1.2)
os(p, r,t) . ﬁ

ot pietp O |corr
= Fie(s, f) 4 Fiv(s,g) + Fli(s,s). (1.3)

The left hand sides of these equations are the field
terms and the right hand sides the scattering terms.
These are functionals of the variables indicated.
The transport equations (1.1) to (1.3) are usually
solved with the assumption that phonons and im-
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purity atoms can be considered to be in equilib-
rium. Without this assumption the solution of the
transport equation leads not only to the desired
coefficients of electro- and thermotransport but also
— as a byproduct — to generalized expressions for
the dec thermoelectric transport coefficients of met-
als. This is the aim of this paper. As one of the
results of the generalized transport coefficients we
find that the electrical resistivity which is due to
the impurity atoms depends on the temperature.
More precisely, the distribution function g(q, r),
appearing in (1.1) for the conduction electrons de-
pends via (1.2) and (1.3) on the distribution func-
tion s(p, r) of the impurities. This induces indirect-
ly temperature dependent terms for the resistivity
by impurities.

General expressions for electro- and thermomigra-
tion [4, 5, 6, 7] and dc thermoelectric coefficients
[8, 9] are obtained.

In this paper we consider only the situation at
high temperatures. The case of low temperatures
will be treated in a separate publication [10].

The present paper is arranged as follows. In Chap-
ter 2 the interactions and the collision integrals are
described. The solution of the transport equations
is essentially straightforward but tedious. The main
points of it are indicated in Chapter 3 without going
into too much details. Finally the results of the
calculations are given and discussed in Chapter 4.
Moreover in order not to burden the formulae too
much the utmost tolerable simplifications are made
(only one conduction band, spherical Fermi surface,
only one phonon mode and so on).
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2. Interactions and Collision Integrals
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Only one-phonon transitions are taken into account for the interactions of the phonons with elec-
trons [11, 12] and with impurities [13], furthermore only normal processes. This may turn out to be
a serious restriction. The electron-impurity interaction is described by hard-sphere-scattering. The

collision terms in (1.1) to (1.3) are then

Q
Fep(/,g) (27‘6)375 J‘IJ.IMI,:quz(a(Sk q‘—ek"{"hwq) {fk q l_fk gq_fk 1_fk q) +gq)}
+6(€k+q_3k hwq) {fk+q(1—fh) +gq — Fs(1 fk+q)gq})dq: (2.1)
h
Fei(f,s) = f[[[[ oei| e (k~— ) {8'1(1 —f) — sf(1 — f')} d%d3p, 2.2)
P e
Q
Foo(g.1) = 5 gy JT 1 MBI (Olehog — b+ hog) {fill — fu—g) (1 +09) — fu—g(l = f1) 94}

+ O(ekrq — &k —

hwq) {fk+q(1 - fk) (1 + gq) - fk(l - fk+q) gq})d3k,

(3.1)

Q
FPi(g,s)_ 2(2m)3h 7y J‘J.“Mplqlz £P q 8p+hwq {sp-994—%p 1+gq)}+5(6p+q_€p+hwq)

{SP+q(1 + gq) pgq})d P, (3 2)

)
Fies 1) = mf{ﬁf‘fet e("—ﬂp) {s'f(1 — ) — sf(1 — f)} d2 d%%, 4.1)
Fir(s,g) = m J.{.[ | M3 q|2(8(ep—q — €p + Fdg) {8p—q9q — 8a(1 + 9g)} + O(ep+q — &p — hdy)
{sp+q(1 1 9q) — 5pg4}) d%. 4.2)

2 Volume of a unit cell, m effective mass of the
electrons, M mass of an impurity atom, oe; scatter-
ing cross section for electron-impurity scattering,
wq frequency of a phonon with wave number g,
&y energy of an electron with wave number k,
8;, energy of an impurity with wave number p,
% Planck’s constant, kg Boltzmann’s constant,
T temperature, n; number density of impurity
atoms, np number density of host lattice atoms.
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Fig. 1. Bardeen’s matrix element and it’s approximation
(5) in dependence on the wave number ¢/gp.

The primed distribution functions are the distribu-
tion functions after the collision.

For the electron-phonon interaction Bardeen’s
matrix-element is used, but the quite complicated
g-dependence of this matrix-element is replaced
simply by (see Figure 1).

| My |z_|Mpe|2_D_q_(1__q_),
9D gD
2% eqqp
= 9M'61’ne9 ’ (5)

¢p Debye wave number, ex Fermi energy, M’ mass
of a host atom, ¢; velocity of sound, n. number
density of the electrons.

For the phonon-impurity coupling we choose the
matrix-element according to Maradudin [13]:

. . q4
| Mpql® = Mg|2 =P ¢ N(B,9) (6)
D
.Qh‘*qg)
P—4n__M—2- 2,
g% \2 gnzqs
N, q = (1+3/3 \ — % P
M—-M
b=
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(In (6) only the mass difference is taken into ac-
count, for contributions of changes in force and
lattice constants see [15].)

The self-interactions of the impurity atoms can
of course be neglected and at high temperatures only
the self-interaction of the phonons is needed. This
is represented by a relaxation process with relax-
ation time 7y.

3. Solution of the Transport equations

The transport equations are treated in the usual
manner. The collision integrals are identically zero
for the equilibrium distributions of the particles.
The driving forces — electrical field £, and tem-
perature gradient d7/dx — are supposed to be in
z-direction. The distribution functions are expanded
up to first order, that is:
ofo ( a7

f(k)=fo(k)-—kza—821" k;Ez,"a“), (7.1)

ar
g9(q) = go(q) +QleI(QiEz,E), (7.2)

' ar
s(p) = so0(p) (1 + Pz A(p,Ez, E)) (7.3)

and the right hand side of equations (1.1) to (1.3)
is linearized in the deviations of the distribution
functions from equilibrium. The equilibrium dis-
tribution functions are known (Fermi, Bose and
Maxwell-Boltzmann).

It is assumed that equilibrium is locally estab-
lished. Then within linear response theory the field
terms in the transport equations depend only on the
local equilibrium distribution functions. The field
terms can be expressed in a well known manner by
the driving forces E, and d7'/dx.

All these manipulations transform the transport
equations into an inhomogeneous, linear system of
integral equations. The inhomogeneous term is
given by the driving forces

D k ofo 8.1

Dt' T " m 0 (8.1)
z 1 4T TdSF "
BT @ \Tar TP

D h012

I 2

exp(hwg/kpT) 1 _d—TL

“(exp(hogksT) —1)2 T dz’
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D h 8.3
Di = Pz%0 Mgl (8.3)
7 eE 1 dT
e z‘f‘? az

: ; 5
((8}, = Vo)@(é‘;, = Vo) = EkB T)} .

In (8.3) Vy is the maximum height of the lattice
potential of the impurity atoms and 6 (x) the unit
step function. This takes care of the fact, that only
impurity atoms with e}, > ¥V can contribute to im-
purity migration.

In (1.1) and (1.3) the collision terms Fee and Fii
are — as already mentioned — neglected. The re-
maining terms can be written as integrals:

Fep = 8%, [P] + S5, (9.1)
Fei = 8i3[A] + S3[T7], (9.2)
Fre = 83, [I"] + S5, [¥], (10.1)
Frr = S%,[¥], (10.2)
Frt = 8h,[A] + S5[¥], (10.3)
Fie = §5,[T'] + 8y [4], (11.1)
Fiv = S%[¥] + Siy[4]. (11.2)

These integrals can be calculated straightforward
but are of some length, so we do not reproduce
them here. The indices on the right-hand side are
selfexplanatory.

If we go back to Bloch’s assumption (phonon gas
in equilibrium) and no impurity migration, then all
integrals can be ignored except Si;[I"] and Si3[I'].
For electron- and thermomigration the expressions

51[I"] and S3[¥] describe “electron wind”’ and
“phonon wind”’ respectively. Since impurity migra-
tion is naturally very slow, all terms depending on
A are negligible. The most important new feature
is, that the deviation ¥ of phonons from equilib-
rium is determined not solely by electron-phonon
interaction, S% [¥], but by phonon-impurity inter-
action, S%;[¥] as well.

Turning to the collision integrals in detail, the
rather well known procedure of solution can be
pursued. That is the energy-transfer in the collision
processes can be taken to be small, which leads to
relaxation time solutions. The system of transport
equations reduces to a system of algebraic equations
for the deviations I, ¥ and A coupled by integrals
over these deviations. The solution of this system
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leads to integral equations with degenerate kernels,
which can be solved analytically. The calculations
are lengthy and we give only the results in the next
section.

4. Results and Discussion

The quantities J, and K, are given in the
appendix.

(A) Electrical resistivity o
constitutive equation: je = (1/0) B
0 = {opn(1 —20J3) + 01 (1 — doi")}
{1 —doii 7t

3anQDkgTml/2 n,
20232Rcye3f?e? me’

Oph =

TT Oei N

0i= 23/26271, l/ eF, (12)
’ Jl 3 Z
691 :37[—7/21—1 K2+12.T£ K1/2—|—K0 Z

Zel
+ 1273 K3/ th)
4J1n1 el
doi = V;ZII K> Zm ( + F K3;2/K>),
1z
T 1273 7%

(B) Thermopower S
constitutive equation:

(o dep \1 4T
76_@ *IeldT T dx °

d
1 2@1-{—&‘
- - 1—3——51

e
+ (81(1 + 881) + S2)/(1 — 591)} ;

a2 k3T
A i

[e]sF

EF nz
13
S JZ ICBT e ) ( )
1

08 =—— 57 5a K1/2 ( + FKo/Ki)2),
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Se= h nekal S22 2

(1 + F K3,2/K>),

Nz jratio of number density of atoms to
Ne electrons if << 4, 4 (for semi metals).

(C) Heat conductivity A

constitutive equation:

wy= — A(dT|d;) and je=0,
electronic part:
a2k} T
el 2—3?2——9‘(1 — Ly ~ By — Ly,
Toy e B0 g
Oph + Ql
le| ST
Ly=3——, (14)
EF
Z|e|S 8J1miZigckn T
L3 = ph . 2
kB Vn Il Ne ZeffeF

" 4J5K1/2nzglkBT‘ .

| s
5)/7ne opn ¥

lattice part:

m2ky T Lot
1="3¢ (L + Ls)
Jﬁ ’ﬂi@
Ly= — 15
YT 15 a3 nZopn b}
Lo — KoJ?,ninzgi ph
>7 900a13/2J 10 opn O
(D) Lorenz-number L
constltutlve2 equation: L = Ao/T (16)
n2k
Lo — By — Ly~ Eg 4 T T} .
3e2
(E) Electromigration
constitutive equation:
ji=niDuZene Ez|ksT,
Zesw = Zite+ 28 (1 — ErKo) ™t — Z(1 + 62),
Ne Oi
Zeff— ni0 ’
Zeﬂ” e eff(kBT/Q)3/2> (17)
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g _ 37QM2e PrnJ,
o 93/2(kp T)312hie2nep ’
JimK
6Z L 1Mif2
3n7/2 I]_’ne(l — ElKo)
(Zege+ 2B (L — E1Ko) ),
E1 1 J4 gingf .

T 60a92 I1Jy opnZy’

@ activation energy for impurity migration, Dy total
diffusion constant (Dy= Doexp(—@Q/ksT), e charge
of an electron, Z excess valence of an impurity atom.
(F) Thermomigration

constitutive equation:

ji = — (n1 Dy @neat/ksT) (1/T) (AT [dx)
and for closed circuits je =0,

Qneat = Qtp + @pn + @va + Qent,

—zlel g — 37
Qp =Z]e| ~TelaT )’

(18)
Jsllg ph
Qph—mzeﬁkBT,
Qva == Q o VO’

Qent = — sk T (1 + 02).

The parts gpn and p; of the electrical resistivity
are the well-known contributions from phonons and
impurities, the factor 1 —20 J3 is due to phonon-
drag. New are the terms Jp;’ and Jp;. Both are
small, dpi’ being still smaller than dp;. The latter
one is observable in metallic alloys [14].

For the thermopower § the first terms in curly
brackets in (13) are the Nordheim-Gorter terms,
S1is due to phonon-drag (already knowns), modified
in our case by 451 and dp; due to impurities. Sy is
a new contribution due simultaneously to impuri-
ties, electrons and phonons. A detailed comparison
with experimental results, however, is not advisible,
since we used isotropic distributions for electrons
and phonons, and neglected umklapp processes. It
is well known [9], that these assumptions are in-
sufficient to treat thermopower. The additional
term S, caused by the cross-coupling terms in the
transport equations, is

S = 8081881 + 8081 801 + So Sz
a T3/2
i (T 1BT32 4 ¢ > (19)

with constants a, b, c.
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For the heat conductivity the terms La, L3, Ly
and L5 seem to be rather small and there may be
a chance for observation only for the phonon-drag
contribution L;, which is of the order of 0.1. It
should be noted, that for noble metals g; might at
high temperatures be of the order of gyn.

In electromigration the electron wind contribution
Z%: and the phonon wind contribution ZZ can be
of the same order and have been described earlier
[3]- In contrast to [3] we have used Maradudin’s [13]
matrix element for phonon-impurity scattering in-
stead of Callaway’s [15], which leads to better agree-
ment with empirical values.

New features are a factor (1 —E; Ko)~1 at Z58,
which is very close to unity and an additional term
Z 6Z. It is seen from (17) that this can also be
thought of as a factor to Z%,+ ZE%, deviating only
a little from unity. But it should be noted, that
this factor introduces a different dependence of Zse
on Z.

For a unique determination of Z¢; and Z28 it is
necessary to know certain other transport coeffi-
cients, for example p;. Both contributions are in-
versely proportional to p. A difficulty consists in
the fact that the microscopic quantity P (phonon-
impurity-interaction) cannot easily be connected to
measurable macroscopic properties. Consistency in
the determination of P can be checked in the small
contribution of (1 —dg;)~! to the electrical resis-
tivity, in S to the thermopower, in Ls to heat con-
ductivity (which is very small) and above all in Qpn
of thermomigration.

In thermomigration the vacancy contribution Qs
is as given in [2] and [16, 17]. The term Qip has been
predicted by Huntington [2], but contrary to our
result with Zgg instead of Z. This should be the
case for closed circuits. Gerl [18] uses the specific
thermopower instead of S.

The phononwind contribution @pn has been men-
tioned by Huntington [2], but not explicitly given.
The last term Qent is due to the enthalpy of the
impurities.

Finally we would like to stress that it is desirable
to establish and check relations between all of the
transport coefficient for a system, including electro-
and thermomigration.

This work has been supported by the Deutsche
Forschungsgemeinschaft and we acknowledge dis-
cussions on the subject with Th. Hehenkamp and
H. Wever.
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Appendix
The quantities J, and K, 2 are defined by:

©o

x"/2 exp (— x)
Knj2 = Kpj2(c) = TR L1 dz,
o
L I il
Lz
1
uG
IL=1L(p) =fm7)du,

0
Jl = Jl(ﬂ’ bly bz)
1

uﬁ_u7

- /N[l —ut b+ b
0

Jo = J2(b1, b2)
1

w? — u3

=f[l ut b1t b

0

J3 = J3(b1, b2)
1

u3 — 2ut 4 ud

= f [ — By -+ b)) o

0
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